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Fig. 2 Boundary-layer profiles.

irrespective of the value of the blowing parameter. Unlike
the usual numerical methods, which cease converging to the
solution when the blowing parameter increases, the proposed
method actually converges to the solution more rapidly as the
value of the blowing parameter increases.

The satisfaction of the two-point boundary conditions is a
problem common to all means of solving the boundary-layer
equations; the method proposed herein should aid in improv-
ing the schemes for solving complex boundary-layer problems.
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Hypersonic Strong Interaction Flow
over an Inclined S surface

T. K. CHATTOPADHYAY* AND C. M. RoDKiEwiczf
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THE purpose of this Note is to present a solution for the
hypersonic strong interaction flow over an inclined sur-

face. An asympotic expansion in powers of the hypersonic
interaction parameter % is used to reduce the boundary-layer
equations to a sequence of ordinary differential equations.
The scheme was originally suggested in Refs. 1 and 2. Ref-
erences 3 and 4 give the zero-order solutions for Pr — 1. In
Ref. 5 a two-term solution, which corresponds to the zeroth
arid the second-order solutions of the present scheme, was
obtained by using the Karman Pohlhausen integral method
for the flow over an insulated flat plate. Here some results
are presented for Pr — 1 and 0.72 with different thermal
conditions on the plate.

Let the physical variables be denoted by the superscript*
and let the subscripts co and e represent the conditions in the
freestream and in the in viscid outer flow (Fig. 1). Thecondi-
tions in the boundary layer are represented without any
subscript. The dependent variables are nondimensionalized
with respect to their freestream values, and the independent
variables x*,y* with respect to a characteristic length dimen-
sion L. The nondimensionalized quantities are represented
without any superscript. The gas is assumed to have con-
stant cp,y and Pr and obey a linear viscosity-temperature
relation /x — CT, C being a constant.

The pressure distribution on the surface and the boundary-
layer displacement thickness are given by1-2:

, p*(x*) f piKb.. pt+psKb* . A /~_ , m ~l
p(x) = ——£-- = pox 1 +• "Y/Y + ———.——- + 0(x 3/2)

P«> L X X J
(i)

Shock wave

inviscicl outer flow

Boundary layer

Fig. 1 Flow field above an inclined plate in hypersonic
viscous flow.
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Table 1 Constants p^ dj(i = 0,1 A3) of Eqs. (1) and (2) (7 = 1.4)
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Pr

1.0

1.0
1.0

0.72
0.72
0.72
0.72

a From Ref
b From Ref.

6*(x*) B
* dcX*

Thermal
condition

on the
surface

Hw = 0.0

Hw = 0.5
Hw = 1.0

J?« = 0.0
Hw = 0.5
#«, = 1.0
#'(0) = 0.0

. 4.
5; for Pr = 1.0,

xi/2 r , wf,
/l/7 I •vl/*•irj- co L_ /\,

Po

0.14110
(0.1485)a

0.32918
0.50892

(0.51)6

0.12368
0.33702
0.54042
0.47311

the conditions Hw

b . 02 ~h O^Kb
- +

X

Pi
2.8385

1.8481
1.4969

3.0009
1.8134
1.4451
1.5494

. = 1.0 and

;
 +

P2

5.3434

2.2944
1.5097

(1.48)6

6.0238
2.2196
1.4114
1.6171

pz

4.6565

1.9947
1.1443

4.7967
1.8510
1.1813
1.3171

So
0.38641

(0.3967)a

0.59020
0.73385

(0.738)a

0.36177
0.59719
0.75622
0.70756

81
-1.5235

-1.0013
-0.80134

-1.6388
-0.99449
-0.78046
-0.83227

52

-3.0037

-1.2863
-0.82430

-3.4484
-1.2628
-0.77936
-0.88877

53

0.79265

0.34224
0.17524

0.76358
0.30868
0.19777
0.23149

#'(0) = 0.0 are identical.

for /o,#o are
fn'" 4- fnfn" 4- 8(H • - f '*) = 0 tea

o(x- (2)

where Meo(»l) is the freestream Mach number, Ki, =
MJ>, and x = M^C/Re^x*)1'* = Mro

3(CK*/P»*Moo*z*)1'2
is the hypersonic interaction parameter. The constants
PO,PI,PZ,PS and 80,51,82,83, which are not known a priori, are
not independent of each other. Using the tangent wedge
approximation the following relations are obtained for these
constants:

Po =
p, =

+ l)8o2

l/8o)

P3 =

The boundary-layer equations transform to

= 1$- f-(H -^ pdx

fcHn + Hif+WfJI,,-

-^l1-^:

(3a)

(3b)
(3c)
(3d)

(4)

(5)

where

P = = (7 -

and

/ being the stream function defined by pu =

In view of the expansions for p and 5*/#*, "the following
expansions for / and H seem to be appropriate :

= Mv) /id?)£* +

+

0(x~3/2) (6)

-r

0(x~3/2) (7)
If expansions (1), (2), (6), and (7) are now inserted in Eqs.
(4) and (5) and terms of the same order on two sides are
equated, then a sequence of coupled ordinary differential
equations for f i f l t ( i = 0,1,2,3) is obtained. The equations

H," + PrfQHo' - 2(1 - Pr)[/0
//2 + /o'/o'"] = 0 (8b)

The differential equations for fi,ht(i = 1,2,3) are linear with
the unknown constants pi,pz,pz in the homogeneous part.
These constants are eliminated if a further change of variables
is made:

/i = PI/I Hi =
/2 = £2/2 H2 =

/3 =

The new variables ]ifli(i = 1,2,3) now satisfy

(9a)
(9b)

(9c)

(lOa)
(10b)

where the linear operators Li(1),Li(2),Li(3) are defined by

= -2(1 -

(12)

o' (13)
3 for t = 2,3;a. = i j 5. = 2 for i = l; a< = 2;

and the functions Fi(1) and Pi(2) are

F^ (n) == c,/3(^0 - /o'2) + /o"/o (14)

Ci = 1.5 for i = 1; d = 2 for i = 2;
/o")(/o - 2/0 - fcW - (1 + £)/!'] +

! - 2/o'/i') - 2)3(^0 - /o'2) for i = 3 (15)

*Y2> = Pr^o'/o for i = 1,2 (16)
*V» = Pr(Bi' - H»')(fo - 2/0 + PrBM - /o') +

2(1 - Pr)[(/i")2 + Hi'"] for i = 3 (17)
The boundary conditions are given by at

rj = 0: /< = 0 =//, (t = 0,1,2,3);
HQ = J^w(= constant) and #; = 0(i =

1,2,3) for heat transfer at the surface,
or Hi' = 0(< = 0,1,2,3) for insulated plate

At 7] — > oo

/»' = 1 (18a)
f/ = 0 (i = 1,2,3) (18b)
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#o = 1

Hi = 0 (i = 1,2,3)
(18c)
(18d)

These are boundary value problems with three conditions
given at 77 = 0 and the other two at rj ->• oo. The zero-
order equations (8) are solved by an iterative method. The
higher order variables are solved in three parts and a linear
combination of these three solutions is made to satisfy the
rj -> oo conditions. Hamming's Predictor-corrector method
is used with a stepsize of 2~*7 and 77 -> oo conditions are
satisfied at 77 = 5 within a tolerence of 10 ~3.

The boundary-layer displacement thickness 8*(x*), de-
fined by

dy*

after some algebraic manupulation gives

?! = 5
x* (_

1 X1/2 (
2 Mm V/0 +

where

7o =

7i =

- 2/07.' -

(19)

(20a)

(20b)

(20c)

(20d)

Comparing Eq. (19) with Eq. (2) and using Eq. (3), one
obtains

= f(7 - 1)/2]1/270

= 32(37 + l)/37(7

(21a)

(21b)

1)2(7 ~ l)27o(13/0 - 1072) (21c)
- 40/! + 4370)/(547o - 4072) (21d)

The integrals /o,7i,/2,/3 are calculated from the solutions
fijHi(i — 0,1,2,3) using Simpson's quadrature formula.
The constants p,-,8<(i = 0,1,2,3) are then obtained from
Eqs. (21) and (3). Values of pitdi(i = 0,1,2,3) are given in
Table 1 for the insulated plate case and also for wall heat
transfer with Hw = 0.0, 0.5 and 1.0 for Pr = 1.0 and 0.72.
Results available from Refs. 3-5 are also included for com-
parison.
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Asymptotic Behavior of the Kalmaii
Filter with Exponential Aging

R. W. MILLER*
Cornell Aeronautical Laboratory Inc., Buffalo, N. Y.

Introduction

OFTEN, in applying the theory of recursive least-squares
state estimation or Kalman filtering, some artificial

means of "aging" data must be used in order that measure-
ments taken long in the past not effect the current state esti-
mates. This is frequently caused by imperfect knowledge of
the system under consideration. For example, if one of the
parameters to be estimated is assumed constant when, in fact,
it may change slowly in some unspecified manner, then esti-
mates of the parameter should be based only on recent data.
Several methods of effectively aging data fall easily within
the framework of the Kalman filter.1 One method is to
assume a certain amount of input (or state disturbance) noise.
This will allow the state estimates to deviate from the as-
sumed dynamics. This method has been discussed by Pes-
chon and Larson2 and by Manchee.3 Another method is to
introduce a weighting function into the measurement co-
variance matrix such that the assumed variance of the
measurements increases with the age of the data. The
choice of an exponential aging factor has computational ad-
vantages. Such a technique has been discussed as early as
1964 by Fagin,4 and very recently by Tarn and Zaborsky.5

Because of the importance of the Kalman filter with ex-
ponential aging, it is of interest to study the effect of the aging
factor in some detail. Since the aging factor is merely an
artifice to improve the filter performance, the problem of
choosing the aging "time constant," which is a free param-
eter, cannot be formulated mathematically. The best that
can be done is to obtain some analytical results concerning
the effect of aging that can be used as an aid to the designer.
Some of the required results are presented herein for sta-
tionary systems.

Continuous Stationary Systems

Consider the case where there are no random state dis-
turbances. Let

x = Fx + u, y = Hx + n (D

where x is the unknown state vector, u is the known input
vector, y is the known measurement vector, n is the unknown
noise vector, and F and H are constant matrices. Suppose
that

E(ri) = 0

where ( )' denotes transpose, E( ) denotes statistical
expectation, d(t) is the unit impulse, and 72 is the (symmetric,
positive-definite) noise covariance matrix.

The Kalman filter equations for obtaining the maximum
likelihood estimate x of x(t), based on y(r) ; 0 < r < t are

(d/df)(£) = Fx + u + PH'R-*(y - Hx) (2a)
p = FP + PF' - PH'R-^HP (2b)

where P is the estimate covariance matrix that is symmetric.
Now exponential aging is introduced by changing the noise

covariance matrix to R * :
R*(t) = e

+atR(t), a > 0 (3)

Received October 7, 1970; revision received December 14,
1970. This paper is based on an internally-funded research
program performed at Cornell Aeronautical Laboratory Inc.

* Assistant Head, Computer Mathematics Dept.


